We consider two-dimensional gravity with dynamical torsion in the BV and BLT formalisms of gauge theories quantization as well as in the background field method.
Introduction
Two-dimensional theories of gravity 1−9 and superagrvity 10−12 are interesting mainly due to their close relation to string and superstring theory. On the other hand, simple two-dimensional models provide a deeper insight into classical and quantum properties of gravity in higher dimensions. It should also be noted that in a number of cases such models are exactly solvable at the classical level.
One of the models of two-dimensional gravity which has been extensively discussed recently (at both the classical 13−16 and quantum 17−20 levels) is the model 7 originally proposed in the context of bosonic string theory with dynamical torsion 21 in order to address certain difficulties of string theory. Thus, the study of Ref. 21 showed (using the path integral approach) that there is no critical dimension for the string with dynamical torsion. Note also that the model 7 presents the most general theory of two-dimensional R 2 -gravity with independent dynamical torsion that leads to second-order equations of motion for the zweibein and Lorentz connection. The equations of motion of the model have been analyzed in Refs. 7, 13, 14 (in conformal 7, 13 and light-cone 14 gauges) where their complete integrability was demonstrated. At the same time, the model 7 contains solutions with constant curvature and zero torsion, thus incorporating a number of other two-dimensional gravity models 1,2,9 (whose actions, however, do not admit, as compared to that of Ref. 7 , of purely geometric interpretation).
The Hamiltonian structure of gauge symmetries of the model 7 has been studied in Ref. 16 and its canonical quantization, in Refs. 17, 18. Our interest in the theory of two-dimensional gravity with dynamical torsion 7 is due to the recent paper 20 whose authors made an attempt at quantizing a model (with auxiliary fields) they suggested, which is classically equivalent to that of Ref. 7 . To quantize this theory (in its formulation with the algebra of gauge transformations open of-shell) the authors 20 use a modification of the Faddeev-Popov rules; however, in our opinion, they failed to give a consistent procedure for constructing the quantum action. Notice that the classical equivalence of two theories generally does not imply their equivalence at the quantum level (see, for example, Ref. [22] ). In this connection, the present paper deals with the treatment of the original model We use De Witt's condensed notations 26 in general formulas of Refs. 23, 24. The Grassmann parity and ghost number of a certain quantity A are denoted ε(A), gh(A) respectively.
For indices of quantities transforming by the Lorentz group, we use Latin characters: i, j, k . . . (i = 0, 1); ε ij is a constant antisymmetric second-rank pseudo-tensor subject to the normalization condition ε 01 = 1. Greek characters stand for indices of quantities transforming as (pseudo-)tensors under the general coordinates transformations: λ, µ, ν . . . (λ = 0, 1); given this ǫ µν = −ǫ νµ (ǫ 01 = 1). Derivatives with respect to fields are understood as the right-hand, and those with respect to sources and antifields, as the left-hand ones.
Two-dimensional Gravity with Dynamical Torsion
The theory 7 of two-dimensional gravity with dynamical torsion is described in terms of the zweibein and Lorentz connection (e i µ , ω µ ) by the action
where α, β, γ are constant parameters. In Eq. (1), the Latin indices are lowered with the help of the Minkowski metric η ij (+, −), and the Greek indices, with the help of the metric tensor g µν = η ij e i µ e j ν . Besides, the following notations are used:
The action (1) is invariant under the local Lorentz transformations e
or infinitesimally (with the parameter ζ)
as well as under the general coordinates transformations
and, consequently, under the corresponding infinitesimal transformations (with the parameters ξ µ )
Added together, the gauge transformations (3), (5) form a closed algebra
The action (1) (when e = 0) admits of the representation
and is equivalent 20 to the actionS =S(e i µ , ω µ , ϕ, ϕ i )
after the auxiliary fields ϕ, ϕ i have been eliminated with the help of the equations of motion ofS
The action (7) is invariant under the complex of the local Lorentz transformations (2) of the initial fields e i µ , ω µ and the transformations of the auxiliary fields ϕ, ϕ i
as well as under the complex of the general coordinates transformations (4) and transformations of the form
Infinitesimally, (2), (8) and (4), (9) imply the gauge transformations (with the parameters ζ,
which form a closed algebra of the form (6) . Notice that the action (7) is also invariant under the infinitesimal transformations (with the parametersζ,
whose algebra is open on the extremals ofS (7) [δζ (1) ,δζ (2) 
The transformations (11) correspond to a set of generators which is equivalent to that of Eq. (10) and coincide, for the choice of the parametersζ = ζ − ω µ ξ µ ,ξ i = e i µ ξ µ , with (10) on-shell
Notice that the result of Lagrangian quantization generally depends on the way the initial gauge theory is chosen from the class of equivalent theories and, in particular, on the choice of generators of gauge transformations. Thus, the study of Ref. 22 has demonstrated that a theory with a unitary S-matrix for a certain choice of generators may prove non-unitary for another choice. In this connection, we further concentrate on the original model (1), (3), (5), (6) .
Quantization of the Model
Let us consider the original model (1), (3), (5), (6) in the framework of the BV quantization formalism 23 for irreducible gauge theories. To this end, we first introduce the complete configuration space φ A . It is constructed by extending the initial space of the fields (e i µ , ω µ ) with the help of the Faddeev-Popov ghosts (C, C, C µ , C µ ) and the Lagrangian multipliers (b, b µ ) according to the number of the gauge parameters in Eqs. (3), (5) (for ζ, ξ µ respectively). The Grassmann parity and ghost numbers of the fields φ
have the form
Besides
with the following distribution of the Grassmann parity and ghost number:
As is well-known, the generating functional Z(J) of Green's functions for the fields φ A can be represented, within the BV quantization, in the form of the following functional integral:
In Eq. (12), J A are the sources to the fields φ
is the gauge fermion, and S = S(φ, φ * ) is a boson functional satisfying the generating equation
with the boundary condition
where S is the initial classical action. The solution of the generating equation (13) satisfying the boundary condition (14) for the model (1), (3), (5), (6) can be represented as a functional S = S(φ, φ * ) linear in the antifields (we assume a regularization of dimensional type)
where
We choose the gauge fermion Ψ = Ψ(φ) in the form
where η µν (+, −) is the metric of the two-dimensional Minkowski space. By virtue of Eqs. (15), (16) , integrating over the variables λ A , φ * A in Eq. (12) yields the following representation of the generating functional of Green's functions:
Consider now the model (1), (3), (5), (6) in the Lagrangian version of the BLT quantization 24 of gauge theories. Notice that the Faddeev-Popov ghosts are then combined into the Sp(2)-
and the fields φ A of the complete configuration space are supplemented by the sets of the antifields φ *
The generating functional Z(J) of Green's functions within the Lagrangian version of the BLT method can be represented in the form
In Eq. (18), ε ab is an antisymmetric tensor (ε 12 = −1); π Aa , λ A are auxiliary fields 19) with the boundary condition
The solution of the generating equations (19) with the boundary condition (20) for the theory in question can be chosen as a functional linear in the antifields φ *
We choose the gauge boson F = F (φ) in the form (p, q are constant parameters)
Then, integrating in Eq. (18) over the variables λ A , π Aa , φ A , φ * Aa and taking Eq. (21) into account, we have the following representation for Z(J):
We finally consider the initial theory (1), (3), (5), (6) in the framework of the background field method (see, for example, Ref. 25) . For this purpose, we first assign to the initial fields the set (A, Q) of the background A = (e i µ , ω µ ) and quantum Q = (q i µ , q µ ) fields. Secondly, we associate the initial gauge transformations (3), (5) with two kinds of transformations, namely background δ B and quantum δ Q , by the rule
Clearly, the action S(A + Q) in Eq. (1) is invariant under both kinds of transformations (23), (24) . Following the background field method, we further introduce the analog Z(J, A) of the generating functional of Green's functions (its relation to the standard generating functional has been established in Ref. 27 )
where J = (J µ i , J µ ) are the sources to the quantum fields Q = (q i µ , q µ ). In Eq. (25), S GH = S GH (A, Q) is a functional constructed with the help of the gauge fixing functions χ, χ µ (respectively for the parameters ζ, ξ µ ) according to the requirement of invariance under the background transformations, i.e. δ B S GH = 0. Given this, the functional S GH = S GH (A, Q; C, C) is constructed by the rule
where in the transformations δ Q we make the replacement (ζ, ξ µ ) → (C, C µ ). Let us introduce the gauge-fixing conditions χ = χ(A, Q), χ µ = χ µ (A, Q) linear in the quantum fields Q = (q i µ , q µ )
where e, g µν are constructed from the background fields e 
Clearly, the covariant derivative ∇ µ (28) satisfies the property
where F , G are arbitrary (psedo-)tensor fields. At the same time, one readily establishes the relations
We choose for S GF the functional (p, q are some numbers)
invariant, by construction, under the local Lorentz transformations of the form 
Then the functional S GH (26) takes on the form
One readily establishes the fact that the quantum action S = S + S GF + S GH (1), (29), (32) is invariant under the complex of the background transformations (23) and the transformations of the ghost fields
